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//SPMV
for(int m = @; m < nump; m++){
double reduce = 0;

1 ] 1 ~

Operational Intensity [FLOPS/byte]

for(int n = displIml; n < displim+1]; n++)

reduce += valuel[n]xx[index[n]];
y[m] = reduce;

}
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HPCG List for June 2019

TOP500 Rmax HPCG
Rank Rank  System Cores (TFlop/s) (TFlop/s)
1 1 Summit - IBM Power System AC922, IBM POWER? 22C 3.07GHz, NVIDIA 2,414,592 148,600.0 2925.75
Volta GV100, Dual-rail Mellanox EDR Infiniband , IBM
DOE/SC/Oak Ridge National Laboratory
United States
2 2 Sierra - IBM Power System $922LC, IBM POWER9 22C 3.1GHz, NVIDIA 1,572,480 94,640.0 1795.67
Volta GV100, Dual-rail Mellanox EDR Infiniband , IBM / NVIDIA / Mellanox
DOE/NNSA/LLNL
United States
3 20 K computer, SPARCé4 VllIfx 2.0GHz, Tofu interconnect , Fujitsu 705,024 10,510.0 602.74
RIKEN Advanced Institute for Computational Science (AICS)
Japan
4 7 Trinity - Cray XC40, Xeon E5-2698v3 16C 2.3GHz, Intel Xeon Phi 7250 68C 979,072 20,158.7 546.12
1.4GHz, Aries interconnect, Cray Inc.
DOE/NNSA/LANL/SNL
United States
5 8 Al Bridging Cloud Infrastructure (ABCI) - PRIMERGY CX2570 M4, Xeon 391,680 19,880.0 508.85
Gold 6148 20C 2.4GHz, NVIDIA Tesla V100 SXM2, Infiniband EDR , Fujitsu
National Institute of Advanced Industrial Science and Technology (AIST)
Japan
Rmax Rpeak Power
Rank System Cores (TFlop/s) (TFlop/s) (kW)
1 Summit - IBM Power System AC922, IBM POWER9 22C 3.07GHz, NVIDIA 2,414,592 148,600.0 200,794.9 10,096
Volta GV100, Dual-rail Mellanox EDR Infiniband , IBM
DOE/SC/0Oak Ridge National Laboratory
United States
2 Sierra - IBM Power System S922LC, IBM POWER9 22C 3.1GHz, NVIDIA 1,572,480 94,640.0 125,712.0 7,438
Volta GV100, Dual-rail Mellanox EDR Infiniband , IBM / NVIDIA / Mellanox
DOE/NNSA/LLNL
United States
3] Sunway TaihuLight - Sunway MPP, Sunway SW26010 260C 1.45GHz, 10,649,600 93,014.6 125,435.9 15,371
Sunway , NRCPC
National Supercomputing Center in Wuxi
China
4 Tianhe-2A - TH-IVB-FEP Cluster, Intel Xeon E5-2692v2 12C 2.2GHz, TH 4,981,760 61,4445 100,678.7 18,482
Express-2, Matrix-2000 , NUDT
National Super Computer Center in Guangzhou
China
5 Frontera - Dell C6420, Xeon Platinum 8280 28C 2.7GHz, Mellanox 448,448  23,516.4  38,745.9

InfiniBand HDR , Dell EMC
Texas Advanced Computing Center/Univ. of Texas
United States

www.top500.org

Sparse data
Low FLOPS
Stresses memory syst.
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Dense data
High FLOPS
Stresses processors
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Computational Kernels in Each Iteration

Other HPCG Operations »//GAUSS—SEIDEL FORWARD SWEEP ~

for(int m = @; m < nump; m++){
double reduce = b[m];
for(int n = displ[m]; n < displIm+1]; n++)

> Inherently Sequential

reduce —= valueln]xx[index[n]];
x[m] += reduce/diag[m];
} J
Other HPCG Operations ’
//GAUSS-SEIDEL BACKWARD SWEEP \

for(int m = nump-1; m > -1; m—){
double reduce = b[m];
for(int n = displIm+1]1-1; n > displ[m]l-1; n—-)
reduce —= value[n]*x[index[n]];
x[m] += reduce/diag([m];
y )
//SPMV N
for(int m = 0; m < nump; m++)A{
double reduce = 0;
for(int n = displIm]; n < displ[m+1]; n++)
reduce += valuel[n]*x[index[n]];

> Inherently Sequential

> Easily Parallelized

y[m] = reduce;
/

}
Other HPCG Operations .

ECE ILLINOIS Coordinated
I Department of Electrical Eglk)GSr%(?cory I B M ResearCh

and Computer Engineering

center for
cognitive computing
systems research

C°SR




Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order

Batch 0 (3) .
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Batching Algorithm

Row-Major Order

Batch 0 (4) .
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Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order

Batch 0 (6) . r_ root
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Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order

Batch 0 (9) 0 r_ oot
o‘ 1. 2. ?3 4(3 5(:

5. 7. 8. 9(3 10(3 11(:
12. 13. 14. 15(3 15(3 17(:

18, \ 19 \ 20 N\ 21 \ 22 \ 2 \ 17
SIEOI SN ONE SIS

5

QO Frontier Nodes

11

(> Unvisited Nodes

—> Connection Visit

24 N\ 25¢ N\ 260 N 27 \ 28 LN 29, \
(J (J (' (J (J (' 23

30(.'\ 31(.'\ 32(.'\ 3? N 34(: 3?.'\
29

35

Batch Size: 10

center for
cognitive computing
systems research

ECE ILLINOIS Coordinated
I Department of Electrical Eglbec?rg?cory I B M Resea rch

and Computer Engineering

C°SR




Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order
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Batching Algorithm

Row-Major Order
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>~ IDEA: Reorder to
-. Comput. & Memory Complexity: O(N)
» increase cache reuse

Row-Major Order /\ Batch Reordering
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Memory Transactions

Original HPCG Gauss-Seidel Auxiliary Data: 3N X8 Bytes Read
//GAUSS—SEIDEL FORWARD SWEEP Matrix Data: 27N X (8 + 4) Bytes Read
for(int m = @; m < nump; m++){ Vector Data: 27N X8 Bytes Read Irreqgular Access
double reduce = b[m];
for(int n = displIml; n < displIm+1]; n++) N X8 Bytes Read
reduce —= valueln]*x[index[n]]; N X8 Bytes Write
x[m] += reduce/diag[m];
}

Gauss-Seidel with Reordering

//GAUSS-SEIDEL FORWARD SWEEP
for(int m = @; m < nump; m++){ Auxiliary Data: 3N X8 Bytes Read

double reduce = b[m]; : .
for(int n = displiml: n < displIm+1l; n++) Matrix Data: 27N X (8 + 4) Bytes Read

Memory Transactions

reduce —= value[nl*x[index[n]]; Vector Data:|27N><8 Bytes Readl Maximum cache-reuse: 27
x[m] += reduce/diag[m];
Y N X8 Bytes Read
N X8 Bytes Write
No kernel code change! IDEA: Use a buffer for

‘©' explicit vector data reuse

4 \

= " |DEA: Use short index to
save memory B/W



POWER9 Specs

Cache-Miss Rate Simulation
(for single-level and single-line cache) L1: 32 KB per Core
L2: 512 KB per Core
8 100 L3: 120 MB per Chip
'\‘ === L1 Cache
256 - 80 30 ',‘\‘ —— L2 Cache
]
m 251 |' \‘\
8 Q g l' \\
& 8192 602 9 20 i\
o = o |\
D & B 151 o\
wn 3 =1 I
£ 262144 w3 101
S 5
©
O 5 -
8388608 20 1 3|2 10|24 32%68 1042|3576

I Batch Size

Batch Size = 1 means no reordering

1 32 1024 32768 1048576
Batch Size
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Cache-Miss Rate Simulation vs. Time Measurements

220x220x220 Grid with 27-Point Stencil

Time Measurement on Summit L2 Miss-Rate Simulation
2.15 25
2.10
20 A

2.05 g
E 9 15 A
2 2.00 %
= 0 10 1

1.90 >

1.85 0 - - - -

1 32 1024 32768 1048576
1 32 1024 32768 1048576 Batch Size
Batch Size
——Qriginal ——Reordering Very Good Match!!!
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Matrix Sparsity Pattern

6x6x6 27-point stencil

Batch Size: 25

Original Batch Reordering
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Buffering Algorithm

0 //GAUSS-SEIDEL FORWARD SWEEP
for(int batch = 0; batch < numbatch; batch++){
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Buffering Algorithm

Data Accessed by Batch 0
/0 1 2

O 6 0O
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//GAUSS-SEIDEL FORWARD SWEEP

for(int batch = 0; batch < numbatch; batch++){
//READ MAPPING DATA
int start = mapdispl[batch];
int mapnz = mapdispl[batch+1l]-start;
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Buffering Algorithm

Data Accessed by Batch 0

‘® OO ® 0 ©®

11
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35

Temporary
Buffer

//GAUSS-SEIDEL FORWARD SWEEP

for(int batch = 0; batch < numbatch; batch++){
//READ MAPPING DATA
int start = mapdispl[batch];
int mapnz = mapdispl[batch+1l]-start;
//ALLOCATE BUFFER
double buffer[batchsize+mapnz];
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Buffering Algorithm

Data Accessed by Batch 0

26 27 28 29 34'

Department of Electrical
and Computer Engineering

I ECE ILLINOIS

Load inter-batch data

* lrregular Access
* Hardly Vectorizable

Coordinated
Science
Laboratory

Temporary
Buffer

* Requires a mapping (additional overhead)

//GAUSS-SEIDEL FORWARD SWEEP

for(int batch = 0; batch < numbatch; batch++){

//READ MAPPING DATA

int start = mapdispl[batch];
int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = 0; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+n]];

IBM Research

C°SR
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Buffering Algorithm

Data Accessed by Batch 0
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Load intra-batch data
e Regular Access
* Vectorizable

Temporary
Buffer
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//GAUSS-SEIDEL FORWARD SWEEP
for(int batch = 0; batch < numbatch; batch++){

//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = 0; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+n]];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = 0; n < batchsize; n++)
buffer[n] = x[start+n];

ECE ILLINOIS Coordinated
Department of Electrical Science
and Computer Engineering Laboratory

IBM Research

center for
cognitive computing
systems research

C°SR




Buffering Algorithm

Perform Gauss-Seidel from buffer

* Intra-Batch Data is Updated
Data Accessed by Batch 0

/ 0 //GAUSS-SEIDEL FORWARD SWEEP
0. for(int batch = @; batch < numbatch; batch++){
. //READ MAPPING DATA
int start = mapdispl[batch];
“. Temporary int mapnz = mapdispl[batch+1]-start;
Buffer //ALLOCATE BUFFER
, 1 double buffer[batchsize+mapnz];
. //LOAD INTER-BATCH DATA
for(int n = 0; n < mapnz; n++)
20 z’ 17 buffer[batchsize+n] = x[map[start+n]];
//LOAD INTRA-BATCH DATA
start = batchxbatchsize;
3‘ for(int n = 0; n < batchsize; n++)
buffer[n] = x[start+n];
//PERFORM GAUSS-SEIDEL PER BATCH
for(int m = start; m < start+batchsize; m++){
double reduce = blm];
for(int n = displIm]; n < displ[m+1]; n++)
reduce —= valuel[nlxbuffer[index[n]];
buffer[m-start] += reduce/diag[m];

by
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Buffering Algorithm

Data Accessed by Batch 0
o
®
®

20

_

22 23 24 25 3

'N
w

26 27 28 29 3

‘
“w

Write-back intra-batch data
* Regular Access
* Vectorizable

Temporary
Buffer

JIVIVIVIVIVIVIVIVIVIN

//GAUSS-SEIDEL FORWARD SWEEP
for(int batch = 0; batch < numbatch; batch++){

//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = 0; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+n]];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = 0; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM GAUSS-SEIDEL PER BATCH

for(int m = start; m < start+batchsize; m++){
double reduce = blm];
for(int n = displIm]; n < displ[m+1]; n++)

reduce —= valuel[nlxbuffer[index[n]];

buffer[m-start] += reduce/diag[m];

}

//WRITE-BACK INTRA-BATCH DATA

for(int m = @; m < batchsize; m++)
x[start+m] = buffer[m];
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Buffering Algorithm

Data Accessed by Batch 1
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Temporary
Buffer
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//GAUSS-SEIDEL FORWARD SWEEP

for(int batch = 0; batch < numbatch; batch++){

//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = 0; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+n]];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = 0; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM GAUSS-SEIDEL PER BATCH

for(int m = start; m < start+batchsize; m++){
double reduce = blm];
for(int n = displIm]; n < displ[m+1]; n++)

reduce —= valuel[nlxbuffer[index[n]];

buffer[m-start] += reduce/diag[m];

}

//WRITE-BACK INTRA-BATCH DATA

for(int m = @; m < batchsize; m++)
x[start+m] = buffer[m];
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Buffering Algorithm
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Buffer

IBM Research

//GAUSS-SEIDEL FORWARD SWEEP
for(int batch = 0; batch < numbatch; batch++){

//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = 0; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+n]];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = 0; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM GAUSS-SEIDEL PER BATCH

for(int m = start; m < start+batchsize; m++){
double reduce = blm];
for(int n = displIm]; n < displ[m+1]; n++)

reduce —= valuel[nlxbuffer[index[n]];

buffer[m-start] += reduce/diag[m];

}

//WRITE-BACK INTRA-BATCH DATA

for(int m = @; m < batchsize; m++)
x[start+m] = buffer[m];
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Buffering Algorithm
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Data Accessed by Batch 3
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//GAUSS-SEIDEL FORWARD SWEEP
for(int batch = 0; batch < numbatch; batch++){

//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = 0; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+n]];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = 0; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM GAUSS-SEIDEL PER BATCH

for(int m = start; m < start+batchsize; m++){
double reduce = blm];
for(int n = displIm]; n < displ[m+1]; n++)

reduce —= valuel[nlxbuffer[index[n]];

buffer[m-start] += reduce/diag[m];

}

//WRITE-BACK INTRA-BATCH DATA

for(int m = @; m < batchsize; m++)
x[start+m] = buffer[m];
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//GAUSS-SEIDEL FORWARD SWEEP
for(int batch = 0; batch < numbatch; batch++){

//READ MAPPING DATA

int start = mapdispllbatchl;

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = 0; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+n]];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = 0; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM GAUSS-SEIDEL PER BATCH

for(int m = start; m < start+batchsize; m++){
double reduce = b[m];
for(int n = displIm]l; n < displim+1]; n++)

reduce —= value[n]lxbuffer[index[n]];

buffer[m-start] += reduce/diagl[m];

+

//WRITE-BACK INTRA-BATCH DATA

for(int m = @; m < batchsize; m++)
x[start+m] = buffer[m];

Overhead Analysis

B: Batch Size

5

10° E

=
o
(o)

Number of Memory Access

106 4

10°

Inter-Batch Loads per Batch: O(B?/3)
Number of Batches: N/B

Total Inter-Batch Loads: O(NB~1/3)
These are Irregular Access!

Measured # of Buffer Loads

10’ E

—— Inter-Batch Loads (Buffering Overhead)
Intra-Batch Loads

| 0(8—1/3)
SN - @(B—I/Z)

Good Match!!!

1 32

1024 32768 1048576

Batch Size



Cache-Miss Rate Simulation
(for single-level and single-line cache)

220x220x220 Grid with 27-Point Stencil

Time Measurement on Summit L2 Miss-Rate Simulation
3.00 20.0
=== |1 Cache
2.80 17.5 1 —— |2 Cache
: \ POWER9 Specs
15.0 1% L1: 32 KB per Core
Buffer Larger . '
2.60 Than L Cgche S5l N L2: 512 KB per Core
@ o \  L3:120 MB per Chip Simulation
v 2.40 © 10.0 A 1
£ o ‘ k
= " ! Breaks Down
Z 7.5
2.20 = 7» v
5.0 -
2.00 _VAVL\%
j 2.5 ’
1.80 0.0 . . = '
Batch Si Batch Size
atc 1ze
===Qriginal ===Reordering Buffering
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Using Small Buffer Memory Transactions

//GAUSS-SEIDEL FORWARD SWEEP Auxiliary Data: 3N X8 Bytes Read

for(int batch = 0; batch < numbatch; batch++){ Matrix Data: 27N X (8 + 2) Bytes Read‘ 17% B/W Saving
//READ MAPPING DATA . .
int start = mapdispllbatchl; Vector Data: N X8 Bytes Read ‘ Irregular Access Eliminated

int mapnz = mapdispl[batch+1]-start; NX8 Bytes Write

//ALLOCATE BUFFER . . o

double buffer[batchsize+mapnz]; Theoretical SpeEduP' 17%

//LOAD INTER-BATCH DATA

for(int n = 0; n < mapnz; n++) 2.40
buffer[batchsize+n] = x[map[start+n]];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize; 2.20

for(int n = @; n < batchsize; n++) 510

buffer[n] = x[start+n]; 0 L —==Reordering
//PERFORM GAUSS-SEIDEL PER BATCH EZ-OO \V — Buffering
for(int m = start; m < start+batchsize; m++){ F g9 j Small Buffering

double reduce = b[m];

Measured Time

===(Qriginal

for(int n = dlSpl[m]; n < d - n++) 1.80 Measured
reduce —= value[n]lxbuffe ; 1.70 o
buffer[m-start] += reduce/d L 60 = Speedup: 17.6%

}

A O VU VU VT LT 8
//WRITE-BACK INTRA-BATCH DATA | PR88 3RS B A
for(int m = 0; m < batchsize; m++) UseUnsigned short BRI W RN

x[start+m] = buffer[m]; instead of int

1 Batch Size Very Good Match!!!



Preliminary Results on Summit Node

Grid Size: 220x220x220 Grid Size: 128x128x128 Grid Size: 64x64x64 Grid Size: 60x60x60

2.40 0.50 0-06
0.04
2.30 0.48 0.06
0.46 0.04
2.20
0.44 0.05 0.08
2.10 .
= z0.42 = _
2 200 2 0.40 g 0.05 ﬂo < 0.04
- — — i: E
= Lo Foas T =
. 0.04 0.04
0.36
1.80
0.34 0.04 0.03
1.70 0.32 0.03
Lo 0.30 0.03 '
A O VO O O O T O
TYe3I8IEeIRTILS Y TYSITIRIEZIRIRIS v e83R8RIHZ_ A 0.03
N O Mm N « mn on N O O M N @ 1n m <t O N N0~
o F © N N ® F N A F O MmN SN - © O 3 N~ — < © <
T @S 3dasg TCe83 3R N9 g5 - ©
BatCh Size Batch Size BatCh Size
== Original e Reorder ing ——Original Reorder e Origin al Reorder e Original
== Buffering Small Buffering e Bu ffer Small Buffer e Bu ffer Small Buffer e Bu ffer

256

< O < O < O I O
N Y 60 NN < SN O -
O O M N «+H 1IN Mm
At O N N 0 < I~
- O O T O N~
N O I~
—A < O
—
= Reorder
Small Buffer

Speedup: 17.6% Speedup: 19.3% Speedup: 15.7% Speedup: 13.0%
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Verification: Solving Poisson Equation

0’¢ 0°¢p 0%°¢

Vg = —
$=1 o2t ozt oz =/
Taylor Series Expansion at ¢;
a¢l az¢i hz 3¢L h3 4
a¢l 2¢l hz 3¢l 4
bira = bit S+t O(h)
2¢l 2 4
Gi-1 + Piv1 = 2¢; + 5 h* + 0(h%)
\ i—1— 2¢; + ¢;
0°¢p i1 —2¢; + Pis1 O(h2 3-point Equation: 6% ¢ = Pis h(l; Pt _ fi + 0(h?)
ox? R + O
62 j — _2 + ] i—+ j— _4l+ i + 1
ayﬁf _ ¢J 1 hﬁ] ¢]+1 + O(hz) > 5-point Equation: [593 +532,]¢ _ bi-1 ¢J 1 sz,] bi+1 ¢J+1 =fi,j + O(h?)
az(p ¢k—1_2¢k+¢k+1 + + —60: i, + i+ D +
352 = 2 + O(hz) 7-point Equation: [82 +52 +52]¢> bi-1 ¢1 1+ k-1 (ilé],k i1 ¢J+1 Pr+1 =fi,j,k +0(h2)
J
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Verification: Solving Poisson Equation with Dirichlet Boundary Conditions

Vip=—p — 0
p = COS wXx (p -
0 2
0.75 5
0.50
0.25 - 0
24 0.00 154 ¥
-5
—0.25 <
—-0.75
2 0 . .
0 1 2 3 4 0 2 3 4 -15
X (A) x (A)
p = sin wx ¢ =0
0 1 2 10.0
0.75
7.5
0.50 5.0
0.25 25
SER
g 1 0.00 0.0
-0.25 -2.5
—-0.50 -5.0
. ~0.75 =72
0 1 > 3 : -10.0
X (A) x (A)
¢ =0
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Verification: Solving Poisson Problem with Dirichlet Boundary Conditions

¢ =0 ¢ =0

0.8
0.6
0.4
0.2
0.0
-0.2
-0.4

-0.6

C o X (A)
b = cos wx ¢ = cos wx
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Verification V¢ =f _
7 Points: V3¢ = [§Z + 62 + 62| = f + O(h?)

) 2 2
19 Points:V3op = (V2 + = (5262 + 6252 + 5,%522)] ¢ = f +=Vif + 0(h*)

_ 2
27 Points:V2, ¢ = |V2, + '3‘—: (62 + 62+ 522)] d=f+ ';—szf +
h* h4 < 04 f 94 f 04 f

RS v £ 6
360 / " 180 0x20y? " 9y?oz? 6x2622> +o)

Function 4:
¢ =sin(x+y+z)cos(x+y+2z) f=-6sin(2(x+y+2)
Vif =72sin(2(x +y + 2))
V4f = —864sin(2(x +y + 7))

0°f 0% 0% 0 _ 3% _ 3% |
dx*  0y* 0y* O0x2y? 0x2z%2 Qy?zZ —96 sm(Z(x Ty Z))
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Verification: Forward Problem
¢ =sin(x+y+2z)cos(x+y+z) :> Vip = —6 sin(Z(x +vy+ z))

0.5
h=dx=dy=dz=1 Y e?
3x3x3 grid L2 = l :
L0 = max(|¢g;]) N Measured Time
101_. 7P . 101' . O_-
— oints —e— 7 Points 10 3
—e— 19 Points —o— 19 Points
] —— 27 Points —e— 27 Points 10_1_'
107 1 10-1 :
£ c 1072
s 2 103 0
. 1073 . 10 “g’ 10-3
o 5 =
S N -4
107> 10-5 10
107>
1077 1 1077 1 :
10_6-:
02 10t 100 w02 10t o100 102 100 104 105 10 107
h h Number of Grid Points
h=dx=dy=dz=1/80

240x240x240 grid

See 7-point, 19-point, and 27-point derivations at: W. F. Spotz and G. F. Carey, “A high-order compact formulation for the 3D
Poisson equation,” Numerical Methods for Partial Differential Equations, vol. 12, pp. 235-243, 1996.
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Verification: Inverse Problem

Vip = —6 sin(Z(x +vy+ z)) I:> ¢ =sin(x+y+2z)cos(x+y+2z)

6X6X6
h=0.0001
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Verification: Inverse Problem

6X6x6
24 — _ G o = si
Vip = —6sin(2(x +y + 2)) :> ¢ =sin(x +y +2z)cos(x +y +2) h=0.001

100 : : 100 : :
—— 7-Point Jacobi —— 7-Point Jacobi
10-2 A ——— 7-Point Gauss-Seidel 10-2 - ——— 7-Point Gauss-Seidel
— 19-Point Jacobi —— 19-Point Jacobi
10-4 - — 19-Point Gauss-Seidel 10-4 - — 19-Point Gauss-Seidel
-
S 1061 £ 1075 -
P o
— Z
©
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Verification: Inverse Problem

6X6X6
V2¢ = —6sin(2(x +y +2)) T—) ¢ =sin(x+y+2z)cos(x +y +z) h)iOXO]_

100 : : 100 : :
—— 7-Point Jacobi —— 7-Point Jacobi
10-2 A —— 7-Point Gauss-Seidel 10-2 - ——— 7-Point Gauss-Seidel
— 19-Point Jacobi —— 19-Point Jacobi
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Verification: Inverse Problem

6X6X6
V2¢ = —6sin(2(x +y +2)) T—) ¢ =sin(x+y+2z)cos(x +y +z) h)ioxl

100 100
—— 7-Point Jacobi
10-2 A —— 7-Point Gauss-Seidel 102 -
—— 19-Point Jacobi

10-4 - — 19-Point Gauss-Seidel 10-4 - V
-
S 1061 € 1075 -
P o
— Z
©
3 1078 - S 107° -
o 0
; 10-10 4 S 1010 -

10-12 - 10-12 4 — 7-Point Jacobi

- 7-Point Gauss-Seidel
10-14 | 10-14 { —— 19-Point Jacobi
—— 19-Point Gauss-Seidel
10_16 1 1 1 1 10_16 1 1 1 1
0 100 200 300 400 500 0 100 200 300 400 500
Iteration Iteration

center for
cognitive computing
systems research

C°SR

ECE ILLINOIS Coordinated
I Department of Electrical Science I B M R e S ealrch

and Computer Engineering Laboratory




Verification: Batch Reordering & Buffering Algorithms

L2 Error Norm

I ECE ILLINOIS

Vip = —6 sin(Z(x +vy+ z)) I:> ¢ =sin(x+y+2z)cos(x+y+2z)

Natural Ordering Batch Reordering
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Verification: Forward Problem
Plots Shows z = 1.55
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Verification: Forward Problem
Plots Shows z = 1.55
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Verification: Forward Problem
Plots Shows z = 1.55
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Verification: Forward Problem ¢ =sin(x +y +z)cos(x +y + z)
Vip = —6sin(2(x +y + 7))
27 Points

Plots Shows z = 1.55
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Least Squares: Gradient-Descent Method

1
flx) = ExTAx —bTx+c

Finding Gradient: 1
fx+d) =f(x)+dT(Ax —b) + EdTAd

Gradient-Descent Step:

d=V(f)=r
dTr

xe<x—d aT Ad : = Can be implemented

with a single MVM

T
= f(x) + dTVf(x) + 0(d?) d'r
f f r<—r—Ad T Ag
VF(x) =Ax—b) =r
Finding Step Size:
T 2 1 T
fx+ad)=f(x)+ad'r+a Ed Ad
9,
a—f =d'r+adT4Ad =0
@ Sanity Check: step direction has to be orthogonal to the next gradient
dlr T
_ _ T _ _nl — a7 —hl — AT+ —
a = T a7 (d,Vf(x+ad))=d [Ax AddTAd b] =d'[Ax —b]—d'r=0
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Verification: Inverse Problem

Plots Shows z = 1.55
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Verification: Inverse Problem V°¢ = 2y®z* + 2x°z? + 2x*y?
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Verification: Inverse Problem V¢ = 6xy>z> + 6x3yz3 + 6x3y3z

Plots Shows z = 1.55
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Verification: Inverse Problem

Plots Shows z = 1.55
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Verification: Convergence
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Verification: Convergence
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Verification: Convergence ¢=0
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Verification: Convergence
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Computational Kernels in Each Iteration

Other HPCG Operations

//GAUSS-SEIDEL FORWARD SWEEP
for(int batch = 0; batch < numbatch; batch++){

//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = @; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+n]];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = 0; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM GAUSS-SEIDEL PER BATCH

for(int m = start; m < start+batchsize; m++){
double reduce = b[m];
for(int n = displm]; n < displ[m+1]; n++)

reduce —= valuel[n]xbuffer[sndex[n]];

buffer[m-start] += reduce/diag[m];

}

//WRITE-BACK INTRA-BATCH DATA

for(int m = @; m < batchsize; m++)
x[start+m] = buffer[m];

Other HPCG Operations

//GAUSS-SEIDEL BACKWARD SWEEP
for(int batch = numbatch-1; batch > -1; batch—-){

//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = @; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+nl];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = @; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM GAUSS-SEIDEL

for(int m = start+batchsize-1; m > start-1; m—){
double reduce = b[ml;
for(int n = displ[m+1]-1; n > displ[m]-1; n—-)

reduce —= valueln]xbuffer[sndex[n]];

buffer[m-start] += reduce/diagl[m];

}

//WRITE-BACK INTRA-BATCH DATA }

for(int m = @; m < batchsize; m++)
x[start+m] = buffer[m];

Other HPCG Operations

//SPMV
for(int batch = 0; batch < numbatch; batch++){

//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = @; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+nl];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = @; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM SPMV

for(int m = start; m < start+batchsize; m++){
double reduce = 0;
for(int n = displ[m]; n < displ[m+1]; n++)

reduce += valuel[n]lxbuffer[sndex[n]];

y[m] = reduce;

}
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Computational Kernels in Each Iteration :

Other HPCG Operations

//GAUSS-SEIDEL FORWARD SWEEP
for(int batch = 0; batch < numbatch; batch++){

//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = @; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+n]];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = 0; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM GAUSS-SEIDEL PER BATCH

for(int m = start; m < start+batchsize; m++){
double reduce = b[m];
for(int n = displm]; n < displ[m+1]; n++)

reduce —= valuel[n]xbuffer[sndex[n]];

buffer[m-start] += reduce/diag[m];

}

//WRITE-BACK INTRA-BATCH DATA

for(int m = @; m < batchsize; m++)
x[start+m] = buffer[m];

Other HPCG Operations

\.:::: 4
4 \

//GAUSS-SEIDEL BACKWARD SWEEP
for(int batch = numbatch-1; batch > -1; batch—-){

//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = @; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+nl];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = @; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM GAUSS-SEIDEL

for(int m = start+batchsize-1; m > start-1; m—){
double reduce = b[ml;
for(int n = displ[m+1]-1; n > displ[m]-1; n—-)

reduce —= valueln]xbuffer[sndex[n]];

buffer[m-start] += reduce/diagl[m];

}

//WRITE-BACK INTRA-BATCH DATA

for(int m = @; m < batchsize; m++)
x[start+m] = buffer[m];

IDEA: G-S can be fused with SpMV to
reuse matrix data from cache Other HPCG Operations

//SP
for(int batch = 0; batch < numbatch; batch++){

}

//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = @; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+nl];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = @; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM SPMV

for(int m = start; m < start+batchsize; m++){
double reduce = 0;
for(int n = displ[m]; n < displ[m+1]; n++)

reduce += valuel[n]lxbuffer[sndex[n]];

y[m] = reduce;

}
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Computational Kernels in Each Iteration

Other HPCG Operations Other HPCG Operations Other HPCG Operations

//FUSED GAUSS-SEIDEL BACKWARD SWEEP & SPMV
for(int batch = numbatch-1; batch > -1; batch--){

//GAUSS-SEIDEL FORWARD SWEEP
for(int batch = 0; batch < numbatch; batch++){
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//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = @; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+n]];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = @; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM GAUSS-SEIDEL PER BATCH

for(int m = start; m < start+batchsize; m++){
double reduce = b[ml;
for(int n = displm]; n < displ[m+1]; n++)

reduce —= value[n]xbuffer[sndex[n]];

buffer[m-start] += reduce/diag[m];

}

//WRITE-BACK INTRA-BATCH DATA

for(int m = @; m < batchsize; m++)
x[start+m] = buffer[m];
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//READ MAPPING DATA

int start = mapdispl[batch];

int mapnz = mapdispl[batch+1l]-start;

//ALLOCATE BUFFER

double buffer[batchsize+mapnz];

//LOAD INTER-BATCH DATA

for(int n = @; n < mapnz; n++)
buffer[batchsize+n] = x[map[start+nl];

//LOAD INTRA-BATCH DATA

start = batchxbatchsize;

for(int n = @; n < batchsize; n++)
buffer[n] = x[start+n];

//PERFORM GAUSS-SEIDEL

for(int m = start+batchsize-1; m > start-1; m—){
double reduce = b[ml;
for(int n = displ[m+1]-1; n > displ[m]-1; n—-)

reduce —-= valueln]lxbuffer[sndex[n]];

buffer[m-start] += reduce/diagl[m];

+

//PERFORM SPMV

for(int mn = spmvdispl[batch]; mn < spmvdispl[batch+1]; mn++){
int m = spmvmap[mn];
double reduce = 0;
for(int n = displIm]; n < displIm+1]; n++)

reduce += valueln]lxbuffer[sndex[n]];

y[m] = reduce;

+

//WRITE-BACK INTRA-BATCH DATA

for(int m = @; m < batchsize; m++)
x[start+m] = buffer[m];
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To-Do List:
* Validate correctness by solving a 3-D Laplace equation
* Investigate convergence vs. speedup trade-off

* Incorporate kernels into HPCG and validate again

e Scale on Summit ???
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